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ABSTRACT

In this paper, the author proposes a game-theoretical model of trust among reciprocal
agents. Our model, a trust game, is a non-cooperative game in extensive form. By
considering about this game, we can define clearly the concept of trust behavior in general
games in extensive form. But just using ordinary equilibrium concept (e.g. subgame perfect
equilibrium), we cannot explain the trust behavior in some situations. This result
contradicts with some observations in real world. So, we have to adopt another solution
concept, sequential reciprocity equilibrium (SRE), which is suggested by Dufwenwerg.
Adopting this SRE concept, we analyze repeated trust game (RTG). As a result of analysis,
I find the condition of reciprocity to trust others, and reciprocal agents can get higher payoft
than non-reciprocal agents when the length of game is enough long.
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1. INTRODUCTION

The purpose of this research is to develop a game theoretical model of trust among
reciprocal agents. Through analysis on this model, we find conditions of establishing trust
relation. This study can be employed for further application: for example, mechanism
designs for creating highly-trust social network, evaluation for strength of trust relation
between service provider and consumer, etc.

Trust has been studied in many areas, sociology, economics, politics, anthropology,
psychology and so on. These studies can divides into three approaches. (Sato, 1999) First
one is functionalistic approach, which views trust as a function in social systems, as
represented by Luhmann. He insisted that trust is a mechanism for reduction of complexity.
Secondly, psychological approach supposes trust as a personal characteristic. On this
approach, researchers compare the tendency of trust among countries, cultures etc. by
experiments and surveys. The last one is rationalistic approach, which develops trust model
and analyzes it by economic method, e.g. game theory, expected-utility theory. The
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representative study from this approach is Coleman’s theory based on rational choice
theory. He established a trust model, and explained “place trust in others” action by
utility-maximize action. (Coleman, 1990) We adopt this rationalistic approach.

The structure of this paper is as follows: in Section2, a basic model of trust, we call “trust
game”, will be suggested. For analyzing this model, we introduce a special equilibrium
concept, sequential reciprocal equilibrium, in Section 3, and we adopt this concept for trust
game and repeated trust game in Section 4. Finally, Section 5 is devoted to mention
concluding remarks and further study.

2. MODEL: TRUST GAME

We start with Coleman’s trust model, which expressed trust as risky decision making. It is
extensive form game illustrated in Figure 2.1. This game is played by two players, Truster
and Trustee. Just considered Truster’s utility, Trustee make a probabilistic choice between
‘Trustworthy’ and ‘Not Trustworthy’. Supposing that probability of choosing
‘Trustworthy’ is p, potential gain and loss of Truster when Trustee chooses ‘Trustworthy’
and ’Not Trustworthy’ is G and L respectively. In this trust model, we can obtain a
condition below about Truster’s rational decision making immediately.

e Truster place trust if and only if p > C
+

e Truster don’t place trust if and only if p < i
+

Truster

Not Place Trust Place Trust

Trustee

Trustworthy Not Trustworthy

Figure 2.1 Coleman’s Trust Model

Generally speaking, probability p is not known to Truster, so a mechanism of shaping
expectation on Trustee’s action is interesting. But Coleman’s model cannot explain how
Truster’s expectation shapes, because it treats Trustee’s action probabilistically.

To solve this problem, we develop Coleman’s model into trust game in Figure 2.2 by
introducing Trustee’s utility. The following is subgame perfect equilibrium of this game.
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e If 0<b<1, subgame perfect equilibrium is (T,r)

e If1<b, subgame perfect equilibrium is (N,e)

Figure 2.2 Trust Game

Even though 1< b, we can observe Truster(Player 1) places trust on Trustee(Player 2) and
Trustee rewards Truster’s trust in real life. To explain this phenomenon, we introduce
other-regarding preference. Specifically, we adopt other equilibrium concept, which is
considered with agents’ reciprocity in next section.

3. EQUILIBRIUM CONCEPT

This section gives the definition of sequential reciprocal equilibrium (SRE). (Cox, 2004)
define that (positive) reciprocity is a motivation to repay generous or helpful actions of
another by adopting actions that are generous or helpful to the other person, which distinct
from the unconditional kindness motivated by altruism. But how generous or helpful Player
1’s action is for Player 2 depends on the 2’s belief on 1’s action as well as 1’s action itself.
So utility function is not only determined by pair of strategies, but also pair of players’
beliefs. It is the essence of psychological game (Gianakoplos et al., 1989), on which SRE
concept is based. (Dufwenberg et al., 2004) defined SRE as below.

Let N ={1,2,...n} be the set of players. Let H be the set of choice profiles, or histories. Let
A; be the set of behavior strategies of i € N. Define A=l_[ieN A . Let 7, :A—>R be
playeri ’s material payoff function. Let B; = A; be the set of possible beliefs of player i’s
about the strategy of player j. Let Cy =B, = A be the set of possible beliefs of player
i ’s about the belief of player j about the strategy of player k .With 8, € A lhe H , let
a,(h) be the update strategy that prescribes the same choices as @, except for the choices
that define history h which are made with probability 1. For by € By, ¢, € C;,, define
update beliefs b;(h), c; (h) in same fashion to update strategies.

Here we move on to kindness and utility function, which appeared in definition of SRE.
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Definition 3.1 (kindness)

The kindness of player i to another player j =i at historyh e H is given by the function
K LA X 1_[j¢i B;, — R defined by

K (a(h), (bij (h))j:ﬁi) =7 (a(h), (bij (h))j¢i) - ”?i ((bij (h))jii)
77 ((b;(h)),,; is the equitable payoff for player j, defined by
”J'ei ((bij (h))jﬂ = %[TS:( T (ai (h)l(bij (h) ji )+ raneigj T (ai (h), (bij (h) ji )]
Definition 3.2 (belief about kindness)

Playeri ’s beliefs about how kind player j =i isto i athistoryheH is given the function
A4 By x] ], ,Ci > R defined by

J (B (), (e (M), ) = 7 (05 (), (S (M) — 7 (i (M) )

Definition 3.3 (utility function)

Player i ’s utility at history he H is a function U, : A XHM (B; XHkﬂ-Cijk) —-R
defined by

U; (a; (), (b;; (h), (€ (M) i) i)
= r; (a; (h), (bij (h))jii) + Z(Y ij Kij (a; (h), (bij (h))jii) 'ﬂ’iji (bij (h), (Cijk (h))k¢j )

jeNi

Especially in case of N ={1,2}, utility functions are following,

U, (@ (h).by, (h).C1, () = 7, (8, (h).b, (M) + Y, - &, (8, (R).b1, (R)) - Ay (B, (D)€ ()
U, (a,(h),b,; (h) .21, () = 75 (8, (N).by () + Yo - i1 (8, (0) .02, (D)) - Ay, (B, (D).Coi0 (D))

Definition 3.4 (SRE)

The profile 8" = (a; ),_, is sequential reciprocity equilibrium (SRE) if for all i € N and
for each history h e H it holds that

o a cargmaxU,(a (h), (by; (h), (Cij (M) i)

aeh(ha’)
A (h,a) c A is the set of strategies, that prescribe the same choices as the strategy
a, (h) for all histories other than h.

e by=a; forall j=i

e by=a, forall k= j
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As above, this definition consists of three conditions, ‘utility maximization’, ‘consistency
with first-order belief” and ‘consistency with second-order belief’. If Y;; =0 for anyi, j,

each player is motivated by material payoff. In this case, SRE is same as subgame perfect
equilibrium.

4. ANALYSIS

Trust Game
Then, we complete the preparation of equilibrium concept. Using SRE, we begin to
analysis on trust game in this section. We simplify notation Y, and Y, instead of Y,, and

Y,, , since we analyze only two-player games.

Figure 4.1 Trust Game

Proposition 4.1

2(b-1)
a+1

ForanySRE a’, a, =T and Y, > = a,=r
(Proof)
Focused on 2’s decision making. 1’s equitable payoffis 7;? = :L_Ta . Then 2’s kindness to 1

isky(r)=1-z7*= “Tae’(zl(e) =—a-m’ = —“Ta. Supposing that 2’s belief on 1°s

belief about 2’s strategy is C,, = p''r +(1— p'*)e. Then 2’s equitable payoff
. 1 . .
iszy = 3 ((p"“1+ (L— p'")b) +0) . Therefore 1’s belief on 2’s kindness to 1

is A, (T, p"'r+@-p")e)= % p"+g. Hence 2’s utility as follows

e 2 chooses strategy ‘r’, U,'=1+Y, (H—a)(ﬁ p"+9)
2 2 2
e 2 chooses strategy ‘e’, U,"'=b+Y, (_“Ta)(% p"+g)
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U,>U,"e1-b+2Y, 5L i By 5o
2 2 2
By consistency condition p''=1, we obtain Y, > 2(b _11) .
a+

Next proposition can be proved similarly fashion to Proposition 4.1.

Proposition 4.2

2(b-1)

For any SRE a”, Y, >
a+l

—a =T

From proposition 4.1 and 4.2, following theorem derived immediately.

Theorem 4.3

2(b 1)

IfY, > 1 , unique SRE is 2" =(a,,a,) = (T,r)

Repeated Trust Game(RTG)

Next, we try to analyze repeated trust game(RTG), which is illustrated Figure 4.2. Nodes
with Odd number are 1’s move, the others are 2’s move. Supposing that total number of
move M is even. On each move, player has two alternatives T; and N;, corresponding

T and N in trust game respectively. If 1 chooses T, and 2 choosesT,,;, both players’
payoff increase 1. On the other hand, though 1 chooses T, , 2 chooses N,,;, 1’s payoff
decrease a(0<a<1) and 2’s payoff increase b(l<a<?2) and the game is terminated. If 1
chooses N, , the game is over without payoff change. Think along the similar analysis on
trust game, we try to find conditions for trust actions included in SRE.

I(1) 2(2)  3(1) 42) 5(1) M-1(1) M(2)
T T2 Ts T Ts o T Twm M/2
M/2
Ni N2 N N4 Ns Nm-1 Nm
0 -a 1 l-a 2 M/2-1 M/2-1-a
0 b 1 1+b 2 M/2-1 M/2-1+b

Figure 4.2 Repeated Trust Game
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Proposition 4.4

4(b-1)

For any SRE a”, which reaches node M, Y, > —— -
M(a+1)

a, = (%% Ty)
(Proof)

Focused on 2’s decision making on node M. 1’s equitable payoffis z,? = % - %. Then 2’s

klndnessmlls’(zl(-rz' Ty Tu)= _%"‘ aKZl(TZ' MZ’NM)Z%_%_]-'

Supposing that 2’s belief on 1°s belief about 2’s strategy is
Coo = (T, - Typ, P Ty +(@—p"")Ny, ). Then 2’s equitable payoff

l—p
2

iszy = % + (=1+Db) . Therefore 1’s belief on 2’s kindness to 1

is A, (T, -~ Ty, P Ty +(@=p"")N,,) . Hence 2’s utility as follows

e 2 chooses strategy ‘T,,’, U2'=%+Y2(I+_T(—l+ b))(T-i-%)

M M 1-p" M a
2 ch trategy ‘N, ’, U,"'=—+Y,(—+——(-1+b))(——-=-1
* 2chooses strategy *Ny, ", U, "= =2+ Y, (4= E- (A1 b)) (- = 1)
U,'>U," < 1-b+Y, (M+1 P” C1+b)@+1))>0
, L : (b—l)
By consistency condition p''=1, we obtain Y, > ————.
M(a+1)

Proposition 4.5

For any SRE a’, if there exists k such that players choose T,.at any node k'(k <k'< M),

players choose T, at node k.

(Proof)
Supposing that K is odd.
ot M
e 1 chooses strategy ‘T,’, U,'= > —+Y, K, T T s Tya) - A ()
b 1 k 1
e 1 chooses strategy ‘N, ’, U, —T+Y K (Fr 5 NG T Tyg) - Ay ()

Because of b, = (*;--*, T, .1 Ty) >

M k-1
Ko (5 T T o Tua) = K 5 NG T Ty 1)—?_T>O Hence 2’s
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M

utility as follows. U,'-U, "= ( %) +Y, (% — %) - A5, () > 0. Therefore player

o
choose T, atnode k. We can prove similarly when k is even.
k(1)
Tk M/2
M/2
Nk
(k-1)/2
(k-1)2

Figure 4.3 Decision Making on Node k (k: odd)

Combined these propositions, following theorem can be proven inductively.

Theorem 4.6

i£Y, > 207 ique SREis a” = (a5, a) = (T, -+ Ty o (T, Ty )
M(a+1) ’ ’

5. CONCLUSIONS

This paper gave a game theoretical model of trust. Introducing SRE concept, ‘place trust’
and ‘reward’ action could be expressed as a solution of extensive form game. Through
analysis on repeated trust game, we found the condition for building trust among reciprocal
agents. The main outcome is Theorem 4.6; it shows that the longer RTG, the easier to build
trust relation between agents. The next step of this research is extending the number of
players. Though SRE concept could be adopted for game played by 3+ players, the analysis
may be too complicated to solve algebraically. So, agent-based simulation will be powerful
tool for analysis.
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